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Abstract
In this paper we present rational W curves and surfaces, study their envelope properties and give a general
de4nition of surfaces in multivariate B-form by raising the dimension of polyhedron region, thereby present
an equivalent representation of rational W curves and surfaces into rational B6ezier curves and surfaces in
multivariate B-form on some regions.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
In Refs. [3,4,6] with respect to the needs of applications in some practical projects, a general
de4nition of the recurrence curves and surfaces are given, thereby the L, W curves and L, W
surfaces are de4ned and constructed. These recurrence curves and surfaces can be used to establish
universal storage data 4le format for di>erent CAD systems so that the high-speed transmission and
conversion of geometric graph of two and three dimension are obtained.
In this paper using homogeneous coordinate, W curves and surfaces are generalized to rational W
curves and surfaces. We discuss their envelope properties and give their representation equivalent to
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rational B6ezier curves and surfaces and convexity condition of the plane rational W curves. Since W
curves and surfaces are the generalization of B-spline curves and surfaces. B6ezier curves and surfaces,
rational W curves and surfaces practically are the generalization of rational B-spline curves, surfaces
and rational B6ezier curves, surfaces.
In some case, we are required to construct the surface which is not only satisfying interpolating
conditions or preserving shape, but also has C1 or C2 continuity or exact conformity regardless
of whether the geometric distribution of characteristic vertices is uniform or not. In CAD system,
the interpolation on space mesh is usually de4ned on rectangular partition of rectangle region. But
for most complexity projects, if the mesh nodes distribution is not uniform, the bicubic spline
interpolating method and Coons surface method hardly 4nd a suitable parameter domain and its
partition. So we present the rational recurrence Curves and recurrence surfaces in multivariate B-form
on some regions and apply it in practical application.
2. The denition of rational W curve and its envelope property
Denition 2.1 (Luo Xiaonan [6]): Given n+ 1 points of plane or space Pi (i = 0; 1; : : : ; n)
Di;0(t) = Pi;
Di; l(t) = 
i; lDi; l−1(t) + i; lDi+1; l−1(t); (2.1)
where 
i; l(t) + i; l(t) = 1, t ∈ [a; b]; i = 0; 1; : : : ; n; D0; n(t) is called n-paces recurrence curve and
abbreviated to Dn(t).
If 
i; l(t)=ai; lt+bi; l, i; l(t)=1−
i; lt; i=0; 1; : : : ; n−l; l=1; 2; : : : ; n; Dn(t) is called nth recurrence
curve.
Denition 2.2 (Luo Xiaonan [6]): If nth recurrence curve Wn(t) satis4es the conditions
ai; lbi; l+1 = ai; l+1bi; l;
ai; l+1(1− bi+1; l) = ai+1; l(1− bi; l+1);
ai; l; ai; l+1; ai+1; l = 0; (2.2)
where i = 0; 1; : : : ; n− l; l= 1; : : : ; n− 1, and 06 
i; l(t), i; l(t)6 1, t ∈ [a; b], i = 0; 1; : : : ; n− l− 1,
l= 1; 2; : : : ; n− 1, Wn(t) is called W curve.
W curve Wn(t) can be written as
Wn(t) =
n∑
i=1
PiGi;n(t); t ∈ [a; b];
where (n+ 1)th companion functions of Wn(t){Gi;n(t); i = 0; : : : ; n} are a group of base function of
(n+ 1)-dimensional polynomial space Jn, thus they are called W base function.
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Denition 2.3. Given n + 1 characteristic vertices Pi(i = 0; : : : ; n) and the corresponding weights
!i ¿ 0 (i = 0; : : : ; n),
Qn(t) =
∑n
i=0 Pi!iGi;n(t)∑n
i=0 !iGi;n(t)
; t ∈ [a; b] (2.3)
is called nth rational W curve, where Gi;n(t)(i = 0; : : : ; n) are W base function.
We can as well give the de4nition by the recurrence method, so that it is written as recurrent form:
Qi;l(t) =


Pi; l= 0;

i; l(t)!i;l−1(t)Qi;l−1(t) + i; l(t)!i+1; l−1(t)Qi+1; l−1(t)

i; l(t)!i;l−1(t) + i; l(t)!i+1; l−1(t)
; l= 1; 2; : : : ; n;
(2.4)
where i = 0; 1; : : : ; n− l and
!i;l(t) =
{
!i; l= 0;

i; l(t)!i;l−1(t) + i; l(t)!i+1; l−1(t); l= 1; 2; : : : ; n
(2.5)
hence Qn(t) = Q0; n(t).
Theorem 2.1 (Luo Xiaonan [5]).
W ′n(t) = na0; n(W0; n−1(t)−W1; n−1(t)); t ∈ [a; b]: (2.6)
Theorem 2.2. Qn(t) is the envelope of the curve family {Q˜n−l(t; ); 06 6 1}.
Q˜n−l(t; ) =
∑n−l
i=0 !i;l()Qi;l()Gi;n−l(t)∑n−l
i=0 !i;l()Gi;n−l(t)
; (2.7)
where !i;l(), Qi;l(), respectively, come from (2.5) and (2.4).
Proof. Let
An(t) =
n∑
i=0
Pi!iGi;n(t);
Bn(t) =
n∑
i=0
!iGi;n(t);
An(t) = Bn(t)× Qn(t):
Finding the derivative with respect to t, we obtain
Q′n(t) =
A′n(t)− B′n(t)Qn(t)
Bn(t)
=
na0; n{[A0; n−1(t)− A1; n−1(t)]− [B0; n−1(t)− B1; n−1(t)]Qn(t)}
Bn(t)
: (2.8)
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Similarly let
A˜n−l(t; ) =
n∑
i=0
!i;l()Qi;l(t)Gi;n−l(t);
B˜n−l(t; ) =
n∑
i=0
!i;l()Gi;n−l(t);
Then we have
Q˜ ′n−l(t; ) =
A˜ ′n−l(t; )− B˜ ′n−l(t; )Q˜n−l(t; )
B˜n−l(t; )
:
From Theorem 2.1, we know
A˜ ′n−l(t; ) = (n− l)a0; n[A˜0; n−l−1(t; )− A˜1; n−l−1(t; )];
B˜ ′n−l(t; ) = (n− l)a0; n[B˜0; n−l−1(t; )− B˜1; n−l−1(t; )]:
It follows that
Q˜n−l ′(t; )|=t = n− ln Q
′
n(t):
The dual theorem of Theorem 2.4 holds also.
Theorem 2.3. Qn(t) is the envelope of curve family {Q˜ ′n−l(; t); 06 6 1}.
In (2.7), when l= n− 1; Q˜ ′1(; t) is straight line family. We have following result.
Theorem 2.4. Qn(t) is the envelope of the straight line family {Q˜1(t; ); 06 6 1}
Q˜1(t; ) =
!0; n−1()Q0; n−1()
0; n(t) + !1; n−1()Q1; n−1()0; n(t)
!0; n−1()
0; n(t) + !1; n−1()0; n(t)
: (2.9)
3. The convexity of rational W curves
Let i;l(t) = !i;l(t)Qi;l(t); moreover write
Qn(t) =
∑n−l
i=0 i;l(t)Gi;n−l(t)∑n−l
i=0 !i;l(t)Gi;n−l(t)
=
[l(t); Gn−l(t)]
[!l(t); Gn−l(t)]
: (3.1)
Then from Theorem 3.6 with respect to the equivalent representation of L curves into B6ezier
curves in Ref. [6], we can obtain the following theorem.
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Theorem 3.1. If let
bi =
[n−i(t); Gi(1)]
[!n−i(0); Gi(1)]
;
i = [!n−i(0); Gi(1)]; i = 0; 1; : : : ; n; (3.2)
then we have
Qn(t) =
∑n
i=0 ibiBi;n(t)∑n
i=0 iBi;n(t)
; t ∈ [0; 1]; (3.3)
where Bi;n(t) (i = 0; 1; : : : ; n) are Bernstein base function.
Lemma 3.1. When !i ¿ 0 (i = 0; 1; : : : ; n), then it means i ¿ 0 (i = 0; 1; : : : ; n). Since
Q(t) =

i; l(t)!iQi + i; l(t)!i+1Qi+1

i; l(t)!i + i; l(t)!i+1
; (3.4)
where i= 0; 1; : : : ; n− l, l= 1; 2; : : : ; n, wholly represent the straight line segment connected to two
points Qi and Qi+1, thus we can get similar result by the proof method of Theorem 3.1 with respect
to the convexity of W curves in Ref. [6].
Theorem 3.2. If the characteristic polygon of nth rational W curve P0; P1; : : : ; Pn is convex, then
the characteristic polygon of the corresponding nth rational B<ezier curve b0; b1; : : : ; bn is convex
also.
Since plane rational B6ezier curves have preserving convexity, from Theorem 3.2 we have the
following theorem.
Theorem 3.3. nth plane rational W curves have preserving convexity.
4. Rational W surfaces in multivariate B-form in some regions
In [1,5–7] we present a general de4nition of surface of multivariate B-form and the method
for constructing the surfaces of B-form by raising the dimension of polyhedron. In this paper we
apply the method to some regular region (parallelogram region, regular hexagon and regular octagon
region) for constructing a smart few families of surfaces and discussing their properties.
In this paper Rm denotes m-dimension real vector space and Zm+ denotes the set of all m-multiple
nonnegative integer.
if a= (a1; : : : ; am)∈Zm+; we take that |a|=
m∑
j=1
aj; a1!:::am!;
(
n
a
)
=
n!
a!
:; when n∈Z+:
Denition 4.1. If M is m dimension C ′ class manifold, P : M → R n and P is C ′ class injection,
then the concept of the combination of M and P is referred to as the surface of Rm (or insert sub
manifold). When m= 1; 2; : : : ; n− 1, all are referred to as the surface.
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Denition 4.2. If  is a n dimension simplex, ! is a C ′ class manifold and ! ⊂ , then
P(u) =
∑
|a|=k
PaBa(); u∈!
is called the surface of kth B-form on !.
Here =(0; 1; : : : ; n) is the barycentric coordinate of u in , subscript a=(a0; a1; : : : ; an)∈Zn+1+ .
Ba() =
( |a|
a
)
a =
( |a|
a
)
a00 
a1
0 · · · an0
is a multivariate Bernstein polynomial.
Let parallelogram region be
 = [v1; v2; v3; v4] =

v | v=
4∑
j=1
jvj;
4∑
j=1
j = 1; j¿ 0


and  ⊂ R 2. Turn  into
 = [u1; u2; u3; u4] =

u | u=
4∑
j=1
juj;
4∑
j=1
j = 1; j¿ 0


by raising the dimension of , from De4nition 4.2. We choose
!=

u | u=
4∑
j=1
juj;
4∑
j=1
j = 1; 1 + 2 = 3 + 4 = 12

 :
We can get the surface of nth B-form on !.
P(u) =
∑
|a|=n
PaBa(); u∈!:
Given regular mesh nodes Pij(i; j = 0; 1; : : : ; n); left Pi1i2i3i4 |A = Pij, where A represents following
restricted conditions.
Denition 4.3. Given (n+1)(m+1) characteristic vertices Pi;j(i=0; 1; : : : ; n; j=0; 1; : : : ; m) and the
corresponding weights !i;j ¿ 0 if {Gi;n(u)Hj;m(v); i=0; 1; : : : ; n; j=0; 1; : : : ; m} are the base function
of W surfaces [6], then
R(u; v) =
∑n
i=0
∑m
j=0 !i;jPi; jGi;n(u)Hj;m(v)∑n
i=0
∑m
j=0 !i;jGi;n(u)Hj;m(v)
; (u; v)∈ [a; b]× [c; d] (4.1)
is called n× mth rational W surface.
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Above de4nition can be written as recurrent form also. Set
[Wk;l(u; v)]i; j =
[
Wk;li; j (u; v) W
k;l
i; j+1(u; v)
Wk;li+1; j(u; v) W
k;l
i+1; j+1(u; v)
]
;
!k; li; j =


!i;j; k = l= 0;
[
i;k(u); i; k(u)][!k−1; l−1(u; v)]i; j
[ j; l(v)’j;l(v)]T; k = 1; 2; : : : ; n; l= 1; 2; : : : ; m;
(4.2)
Rk;li; j =


Pi;j; k = l= 0
[
i;k(u); i; k(u)][!k−1; l−1(u; v)Rk−1; l−1(u; v)]i; j[ j; l(v); ’j; l(v)]T
!k;li; j (u; v)
; k = 1; 2; : : : ; n;
l= 1; 2; : : : ; m;
(4.3)
where i = 0; 1; : : : ; n − k; j = 0; 1; : : : ; m − l; 
i;k(u), i;k(u)(i = 0; 1; : : : ; n − k; k = 1; 2; : : : ; n) and
 j; l(v); ’j; l(v)(j=0; 1; : : : ; m−l; l=1; 2; : : : ; m) wholly are the 1th polynomial function which satis4ed
the conditions of W curves. When k = n, l= m and Rn;m0;0 (u; v) = R(u; v).
Using similar proof method of Theorem 2.2 we have following envelope theorem.
Theorem 4.1. R(u; v) are the envelope of the following surface family:
R˜ ('; (; u; v) =
∑n−k
i=0
∑m−l
j=0 !
k;l
i; j ('; ()R
k;l
i; j ('; ()Gi;n−k(u)Hj;m(v)∑n−k
i=0
∑m−l
j=0 !
k;l
i; j ('; ()Gi;n−k(u)Hj;m(v)
;
where 16 k6 n−1; 16 l6m−1. When k=n−1, l=m−1, we know rational W surface R(u; v) is
the envelope of the ruled surface family. The dual theorem of Theorem 4.1 holds, namely R(u; v) is
the envelope of surface family R˜(u; v; '; () also. For rational W surfaces there is equivalent B<ezier
surfaces also.
Theorem 4.2. If set
qi; j =
[Gi(1); !n−i;m−j(0; 0)Rn−i;m−j(0; 0); Hj(1)]
[Gi(1); !n−i;m−j(0; 0); Hj(1)]
;
i; j = [Gi(1); !n−i;m−j(0; 0); Hj(1)]; (4.5)
where i = 0; : : : ; n; j = 0; 1; : : : ; m:
Then we have
R(u; v) =
∑n
i=0
∑m
j=0 i; jqi; jBi;n(u)Bj;m(v)∑n
i=0
∑m
j=0 i; jBi;n(u)Bj;m(v)
; (4.6)
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where Bi;n(u)(i = 0; 1; : : : ; n), Bj;m(v)(j = 0; 1; : : : ; m) are, respectively, nth and mth Bernstein base
function.
5. Applications in apparel engineering functional design
With the development of computer technology, CAD applications in textile and clothing industry
become more and more important, particularly in apparel functional design. There are many important
issues in apparel engineering functional design to be addressed, one of which is how to generate
three-dimensional apparel models.
To generate a three-dimensional clothing model, the 4rst step is discrete of a two-dimensional
clothing pattern, the mesh of pattern is shown in Fig. 1.
By use of the given mesh nodes to construct the regular mesh of space quadrilateral, to determine
the partition plane and its domain. Using the area parameter to construct C1, C2 spline interpolation
surfaces (see Fig. 2).
On the basis of the C1, C2 spline interpolation surfaces, mechanical models can be constructed by
using various simulation techniques such as particle models [2] and mass-spring models. By using
the mechanical properties of clothing materials, the rigid surface can present the clothing to simulate
their dynamic mechanical behavior during wear (see Fig. 3).
And the mechanical models can be used to analyses the function property of clothing.
Fig. 1.
Fig. 2.
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Fig. 3.
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